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Abstract The Anderson-Bogoliubov branch of collec-
tive excitations in a condensed Fermi gas is treated
using the effective bosonic action of Gaussian pair
fluctuations. The spectra of collective excitations are
treated for finite temperature and momentum through-
out the BCS-BEC crossover. The obtained spectra ex-
plain, both qualitatively and quantitatively, recent ex-
perimental results on Goldstone modes in atomic Fermi
superfluids.
Keywords Ultracold Fermi gases · Collective excita-
tions · Anderson-Bogoliubov mode
1 Introduction
The Anderson-Bogoliubov (AB) collective excitations
(also named Goldstone modes in the low-momentum
limit) are sound-like oscillations of a superfluid phase of
condensed Bose or Fermi gases. They are already widely
studied theoretically both at T = 0 and at nonzero
temperatures. Sound modes in superconductors were
first considered by Anderson [1] within the random
phase approximation. Spectra of AB collective excita-
tions for ultracold atomic gases in the zero-temperature
case have been well established within the Gaussian
pair fluctuation theory (GPF) and the RPA, both in
the long-wavelength limit [1,2,3,4,5] and for nonzero
phonon momentum [6,7], and within the fermion-boson
model [8]. For nonzero temperatures in the q → 0
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limit, the sound velocity [9,10,11] and damping [13,
14,15,16,17,18] were predicted theoretically, and par-
tially measured [19]. The damping of collective modes
by a particle-hole continuum was recently observed in
the normal phase of Helium-3 [20]. Previous theoretical
approches are limited to the low temperature regime,
where the spectrum can be calculated pertubatively
from the zero temperature case. The present work is fo-
cused on the energy spectrum and the damping factor
of AB modes in ultracold Fermi gases in the whole BCS-
BEC crossover range with finite momentum at nonzero
temperature. The treatment is based on the GPF effec-
tive action, which incorporates the effect of one-phonon
absorption/emission by a fermionic quasiparticle in the
collective mode spectrum. Other effects, e. g., three-
and four-phonon scattering processes [15] are beyond
the scope of the present work. The obtained spectra
of AB collective excitations are verified by comparison
with recent experimental results [19], both in the long-
wavelength limit and at a nonzero phonon momentum.
We also discuss the relation of the present approach
and obtained results to preceding works on AB collec-
tive excitations.
2 Collective oscillation excitations in a
superfluid Fermi gas
We consider collective excitations on a superfluid Fermi
gas on the basis of the partition function which is the
path integral on the bosonic pairing field
(
Ψ¯ , Ψ
)
Z ∝
∫
D
[
Ψ¯ , Ψ
]
e−Seff , (1)
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with the effective bosonic action Seff ,
Seff = −
∫ β
0
dτ
∫
dr
1
g
Ψ¯ (r, τ)Ψ (r, τ) − Tr ln
[
−G−1
]
,
(2)
where β is inverse to temperature, and g is the cou-
pling constant for the contact fermion-fermion interac-
tion, which is renormalized through the s-wave scat-
tering length as as in Ref. [5]. Throughout the paper,
the units are ~ = 1, the fermion mass m = 1/2, and
the Fermi wave vector kF =
(
3pi2n
)1/3
= 1, n be-
ing the particle density. The bosonic partition function
for an interacting Fermi gas appears as a result of the
Hubbard-Stratonivich transformation [5]. In this effec-
tive action, G−1 (r, τ) is the inverse Nambu tensor,
G
−1 (r, τ) =
(
− ∂∂τ +∇
2
r + µ Ψ (r, τ)
Ψ¯ (r, τ) − ∂∂τ −∇
2
r − µ
)
, (3)
with the chemical potential µ.
The partition function is determined within this
model by Eq. (1) with the action (2). Next, we con-
sider collective excitations which are oscillation modes
of the pairing field about a uniform saddle-point value
Ψ (r, τ) = ∆:
Ψ (r, τ) = ∆+ ϕ (r, τ) , Ψ¯ (r, τ) = ∆+ ϕ¯ (r, τ) (4)
where ∆ is determined by the least action principle and
satisfies the saddle-point gap equation,
∫
dk
(2pi)
3

 tanh
(
βEk
2
)
2Ek
−
1
2k2

+ 1
8pias
= 0, (5)
where Ek =
√
ξ2k +∆
2 is the Bogoliubov excitation
energy with the free-particle energy ξk = k
2 − µ.
For the analysis of small oscillations about the least
action solution, we keep the quadratic expansion of the
effective bosonic action. The quadratic Gaussian pair
fluctuation (GPF) action in the Matsubara (q, iΩn)
representation is the (2× 2) matrix:
S(quad) =
1
2
∑
q,n
(
ϕ¯q,n ϕ−q,−n
)
×M (q, iΩn)
(
ϕq,n
ϕ¯−q,−n
)
, (6)
where M (q, iΩn) is the inverse fluctuation propaga-
tor [5]. The explicit expressions for matrix elements
Mj,k (q, iΩn) used in the present work can be found
in Ref. [17].
The expansion (4) with (5) is not enough to deter-
mine the gap ∆ at fixed density and scattering length.
The gap and chemical potentials in the mean-field ap-
proximation represent a joint solution of the gap and
number mean-field number equations. In general, be-
yond the mean-field approximation both the gap equa-
tion and the equation of state should be modified. How-
ever, when the temperature is not very close to Tc, the
equation of state beyond the mean-field approximation,
e. g., accounting for Gaussian fluctuations, combined
with the mean-field gap equation gives a good quanti-
tative agreement with the Monte Carlo results, except
close to the transition temperature [21]. Consequently,
we can apply saddle-point gap equation (5) in com-
bination with non-mean-field equations of state what
seems to be appropriate for the experimental condition
T ≈ 0.5Tc of Ref. [19].
3 Spectra of collective excitations
Spectra of collective excitations are approximately re-
vealed using the spectral response function for the sys-
tem described by the GPF effective action. The spectral
response function is determined in the same way as in
Ref. [22]:
χ (q, ω) =
1
pi
Im
M1,1 (q, ω + i0
+)
detM (q, ω + i0+)
. (7)
In Fig. 1, the shape of the spectral response function
is compared with two sets of the experimental results
on the sound velocity for AB modes: the raw data for
nonzero q ≈ 0.5kF , shown in the upper panel and the
data for a small q → 0, obtained in Ref. [19] using a
nonzero-momentum correction and shown in the lower
panel. The small-momentum spectral response function
in Fig. 1 (b) has been calculated for q = 0.01kF , that is
sufficiently small for the comparison with the exper-
imental data obtained using the nonzero-momentum
correction. In the limit of small q, the frequency ωq of
the AB mode tends to the sound wave dispersion law
ωq → vsq+O
(
q3
)
with the AB mode sound velocity vs.
Consequently, we plot the spectral response function in
the variables 1/as and ω/ (vF q) (where vF is the Fermi
velocity) in order to visualize sound velocities for the
comparison with the experiment.
The spectral response function has been calculated
using an interpolation of the Monte Carlo data for the
zero-temperature equation of state [23], assuming that
µ slowly varies in the range of temperatures correspond-
ing to the experiment (T ≈ 0.5Tc). The gap function
has been calculated using the nonzero-temperature gap
equation (5) with that chemical potential and with the
same values of the temperature as in Ref. [19].
For a nonzero momentum, the ratio ωq/ (vF q) is
smaller than vs at the BCS side, because the AB mode
Anderson-Bogoliubov collective excitations in superfluid Fermi gases at nonzero temperatures 3
Fig. 1 (Color online) Scaled spectral response function
q2χ (q, ω) (a) for finite momentum q as indicated in Sup-
plement to Ref. [19], (b) for a small q = 0.01kF . Full dots
show the experimental data of Ref. [19].
frequency is a concave function of q. In the BEC case,
ωq is convex, and hence ωq/ (vF q) > vs [7]. The con-
cavity in the BCS regime is well expressed in the fig-
ure showing a fast decrease of the raw data of Ref.
[19] for the sound velocity when moving to the BCS
side in Fig. 1 (a). Correspondingly, the same trend is
seen for the maximum of the spectral response func-
tion. The sound velocity calculated in Ref. [19] using the
nonzero-momentum correction monotonically increases
when varying the inverse scattering length from BEC
to the BCS regime. However, at fixed T , there exists
a critical value of 1/as when T = Tc [in the far BCS
limit, not shown on Fig. 1 (b)]. When approaching this
value the sound velocity drops to zero. The AB modes
in this range of the inverse scattering length hardly can
be resolved experimentally due to an increasing inverse
quality factor when approaching the superfluid phase
transition [24].
The maximum positions of the spectral response
function in Fig. 1 plotted using the scaled variable
ωq/ (vF q) lie rather close to the sound velocities mea-
sured in the experiment [19]. For definite conclusions,
the collective excitation spectra must be determined
explicitly. To properly interpret the broadened peak of
the response function in terms of a collective excita-
tion, one should look for the complex root of the equa-
tion detM (q, z) = 0 [22,24] where the real and imagi-
nary part of z are, respectively, the eigenfrequency and
damping factor of the AB mode. However, this equation
has a priori no root in the complex z plane. To reveal a
root one should perform an analytic continuation of the
function z → detM (q, z) through its branch cut at the
real axis as proposed by Nozie`res [25] for complex poles
of Green’s functions. This prescription is performed for
matrix elements Mj,k (q, z) of the inverse fluctuation
propagator using the spectral function, determined at
the real axis:
ρj,k (q, ω) = lim
δ→+0
Mj,k (q, ω + iδ)−Mj,k (q, ω − iδ)
2ipi
.
(8)
This spectral function is (in general, piecewise) analytic
on the real axis. It can be thus analytically extended
[ρj,k (q, ω) → ρj,k (q, z)] to complex z with Re (z) = ω
and Im (z) < 0 from each interval where ρj,k (q, ω) is
analytic. The analytic continuation of the matrix ele-
ments, denoted as M
(R)
j,k (q, z), is then:
M
(R)
j,k (q, z) =
{
Mj,k (q, z) , Im z > 0,
Mj,k (q, z) + 2ipiρj,k (z) , Im z < 0.
(9)
The equation
detM(R) (q, z) = 0 (10)
has complex roots in the area where Im (z) < 0. These
roots are denoted as zq = ωq − iΓq/2, where ωq is the
collective excitation frequency, and Γq is the damping
factor. The analytic continuation method gives us fre-
quencies and damping factors self-consistently, i. e. ac-
counting for their mutual feedback, so that the damping
factor is obtained beyond the frequently used perturba-
tion approach (see for discussion Refs. [9,16,22]).
The momentum dependence of the frequencies and
damping factors of the AB modes obtained from the
equation (10) is shown in Fig. 2 for two cases relevant
for the experiment [19]: in the BCS regime with 1/as =
−0.6 and at unitarity, 1/as = 0. Like above, the back-
ground parameters (µ,∆) are found from the Monte
Carlo equation of state and the finite-temperature gap
equation (5). The momentum dependence of the AB
mode frequency is qualitatively the same as in preced-
ing works [7,9,10], but quantitatively differs from them
because we use different background parameters, and
we include the nonzero temperature energy shift. The
AB mode energy tends to the pair-breaking threshold
energy for considered values of momentum when in-
creasing q. The damping factor exhibits a maximum at
4 S. N. Klimin et al.
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Fig. 2 (Color online) (a) Frequencies of AB modes of a su-
perfluid Fermi gas as a function of momentum for 1/as =
−0.6 (solid curve) and for 1/as = 0 (dashed curve). Dot-
dashed curves: the pair breaking threshold frequencies. (b)
The damping factor and (c) the inverse quality factor for the
same inverse scattering lengths as in the panel (a).
nonzero q and diminishes when the excitation energy
approaches the pair-breaking threshold. The momen-
tum dependence of the inverse quality factor Γq/ωq for
AB modes is similar to that obtained in Ref. [16] (where
the AB mode spectra were determined using mean-field
background parameters and within a perturbative ap-
proximation).
When approaching the pair-breaking continuum,
the terms of Mj,k (q, z) which describe the breaking
of a pair into fermionic quasiparticles (terms with de-
nominators z ± (Ek + Ek+q), see [16]) become almost
resonant and repel the AB branch, forbidding it to en-
ter the continuum. Since the branch stays outside the
continuum, these terms are never exactly resonant and
so, never contribute to the damping rate. Still, they
render the terms describing absorption-emission pro-
cesses [with denominators z ± (Ek − Ek+q)] negligi-
ble, what explains the suppression of the absorption-
emission damping rate on Fig. 2 when approaching the
pair-breaking continuum.
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Fig. 3 (Color online) (a) Scaled AB mode frequencies
ωq/ (vF q) obtained from the equation for the collective ex-
citations with finite q determined in Ref. [19]. The symbols
show the experimental results of Ref. [19]. (b) The same with
q = 0.01kF used in our calculation, compared with the finite
q correction result of the experiment.
The comparison of sound velocities obtained us-
ing the analytic continuation of the inverse fluctuation
propagator with the experimental data of Ref. [19] is
shown in Fig. 3. As can be seen from Fig. 3, the cal-
culated sound velocities are in good agreement with
the experiment [19]. A difference between the calcu-
lated and measured sound velocities can be attributed
to several reasons: an inaccuracy of the experimental
determination of input parameters (e. g., the tempera-
ture and the momentum), a difference of the chemical
potential from its precise nonzero-temperature values,
and possibly an influence of induced interactions, which
can be significant in the BCS regime [26].
4 Conclusions
In the present work, we analyze spectra and damp-
ing factors for nonzero-momentum AB collective exci-
tations in superfluid Fermi gases as a function of the
temperature, momentum and the interaction strength.
The treatment is based on the effective Gaussian pair
fluctuation action for the pairing field. This approach
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is well substantiated when anharmonicity effects can be
neglected.
The energy spectrum of AB modes has been quali-
tatively shown using the pairing field spectral response
function. Then, quantitative results for the AB mode
spectra have been obtained from complex roots of
the analytically continued determinant of the inverse
fluctuation propagator. This method provides a self-
consistent non-perturbative solution for the AB mode
frequency and the damping factor.
The experimental sound velocity is compared in Ref.
[19] with several theoretical predictions [5,27,28,29]. In
order to clarify the novelty of the present work, it is
worth noting that they concern the sound velocity ob-
tained in the precise q → 0 limit at T = 0, while the
present work is focused at the q 6= 0 behavior of AB
modes at a nonzero temperature, what is more appro-
priate for a comparison with the experiment. The ex-
isting theory of AB modes for q 6= 0, e. g., [6,7] ex-
ploits the mean-field equation of state, what also favors
the relevance of the present study, where more realistic
equations of state are used.
The AB mode spectra have been calculated using
reliable background parameters obtained accounting for
fluctuations. As a result, calculated sound velocities of
AB modes exhibit a good agreement with experimental
data.
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